The particle-hole (PH) symmetry of electrons is an exact symmetry of the electronic Hamiltonian confined to a specific Landau level, and its interplay with the formation of composite fermions has attracted much attention of late. This article investigates an emergent symmetry in the fractional quantum Hall effect, namely the PH symmetry of composite fermions, which relates states at composite fermion filling factors ν * = n +ν and ν * = n + 1 −ν, where the integer n is the Λ level index and 0 ≤ν ≤ 1. Detailed calculations using the microscopic theory of composite fermions demonstrate that for low lying Λ levels (small n): (i) the 2-body interaction between composite-fermion particles is very similar, apart from a constant additive term and an overall scale factor, to that between composite-fermion holes in the same Λ level; and (ii) the 3-body interaction for composite fermions is an order of magnitude smaller than the 2-body interaction. Taken together, these results imply an approximate PH symmetry for composite fermions in low Λ levels, which is also supported by exact diagonalization studies and available experiments. This symmetry, which relates states at electron filling factors ν = n+ν 2(n+ν)±1
I. INTRODUCTION
The Hamiltonian of two-dimensional electrons subjected to a perpendicular magnetic field and interacting via a 2-body interaction satisfies an exact symmetry, namely the particle-hole (PH) symmetry, in the limit when the cyclotron energy is infinitely large compared to the interaction strength. The PH symmetry of electrons implies that for fully spin polarized electrons the eigenstates at ν and 1 − ν are related by PH transformation and the eigenspectra at ν and 1 − ν are identical up to an overall additive constant. How this symmetry enters into the composite fermion(CF) theory [1] [2] [3] [4] is a subtle issue, because composite fermions are complex emergent particles and it is unclear what symmetry must be imposed on composite fermions to guarantee the PH symmetry of the underlying electrons. Computer calculations have nonetheless shown that the Jain CF states at ν = n/(2n + 1) and ν = 1 − n/(2n + 1) = (n + 1)/(2n + 1) are related by PH transformation of electrons to an excellent approximation [1, 5, 6] , and the CF wave function of the Halperin-Lee-Read Fermi sea [4] at the half filled Landau level (LL) also has a high overlap with its hole conjugate [7] . (These results also follow from the observation that these wave functions are very close to the Coulomb eigenstates in the lowest Landau level (LLL) [1, [8] [9] [10] [11] .) A new field theoretical description by Son [12] treats composite fermions as Dirac particles to make the PH symmetry of electrons manifest; many subsequent articles have further developed this theory [6, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Wang et al. [29] have shown that when properly calculated, the composite fermion Chern-Simons theory [4] also produces observables consistent with PH symmetry.
These examples show that PH symmetry of electrons remains valid in spite of the formation of composite fermions. The present article deals with a symmetry that is not present in the original Hamiltonian but arises entirely due to the formation of composite fermions, namely the PH symmetry of composite fermions. Specifically, we ask to what extent composite fermions confined to a given Λ level (ΛL), which are analogous to electron Landau levels, satisfy the PH symmetry, i.e., how accurately are the states at the CF fillings of ν * = n +ν and ν * = n + 1 −ν related by PH symmetry of composite fermions. If present, this would be an emergent symmetry, arising entirely due to the formation of composite fermions, because no symmetry of the original electron Hamiltonian relates electron states at ν = n+ν 2p(n+ν)±1 and ν = n+1−ν 2p(n+1−ν)±1 .
II. CRITERIA FOR PH SYMMETRY OF COMPOSITE FERMIONS
The PH symmetry of electrons can be deduced from the interaction Hamiltonian when LL mixing is absent. Such a simple criterion is not available for composite fermions. In particular, it is not possible to achieve a limit where the Λ level separation is large compared to inter-CF interaction, as they both arise from the same arXiv:1711.01771v2 [cond-mat.str-el] 3 Jan 2018
Coulomb interaction between the underlying electrons. PH symmetry for composite fermions can surely not be an exact symmetry of the problem. We therefore define PH symmetry for composite fermions in an operational sense. Composite fermions would satisfy PH symmetry within a given ΛL provided the following two conditions are met:
1. The 2-body interactions between two CF particles and between two CF holes are same in the Λ level in question, modulo a constant additive term and a scale factor (which do not affect the eigenstates).
There is noá priori reason to expect this to be the case, and only detailed quantitative calculation can address this issue.
2. The inter-CF interaction for a given ΛL is dominated by the purely 2-body interaction, with 3-and higher body terms, which break PH symmetry, being negligible.
Should these conditions be satisfied, the descriptions of the state at any given filling factor ν * = n +ν in terms of (i) CF particles on top of the ν * = n state and (ii) CF holes on top of the ν * = n + 1 state would be equivalent, implying a PH symmetry for composite fermions.
Because composite fermions are emergent collective particles with complex internal structure, the interaction between them is also complex. Nonetheless, a determination of the inter-CF interaction is possible using the microscopic formulation of composite fermions. The composite fermions inherit their interaction from the Coulomb interaction between electrons, but their interaction depends strongly on their structure, which, in turn, varies significantly with the filling factor of the background state. We determine below the 2-and 3-body interaction pseudopotentials for composite fermions in various Λ levels to address the above two criteria. The 2-body pseudopotentials have been determined in the past [30] [31] [32] [33] [34] [35] but it would be necessary to obtain them with greater accuracy for the current purposes.
We shall use for our calculations Haldane's spherical geometry [36, 37] in which N electrons reside on the surface of a sphere which is radially pierced by a total magnetic flux of 2Q in units of the magnetic flux quantum φ 0 = hc/e. The effective flux seen by composite fermions is denoted by 2Q * and is given by the relation 2Q * = 2Q − 2p(N − 1). Composite fermions form their own Landau-like levels, called Λ levels, in the reduced magnetic field, and fractional quantum Hall (FQH) effect at ν = n/(2pn ± 1) results when composite fermions form an integer quantum Hall (IQH) state with n filled Λ levels. The Jain wave function for these FQH ground states are given by [1, 2] 
is the the Slater determinant of the IQH state of n filled LLs of electrons. Here u i = cos(θ i /2)e iφi/2 and v i = sin(θ i /2)e −iφi/2 are the spinor coordinates and θ and φ are the polar and azimuthal angles on the sphere respectively. The excited states can be similarly obtained from the corresponding IQH state. In this work we will only be interested in the case with p = 1.
2-body pseudopotentials
The 2-body pseudopotentials of composite fermions are the energies of two composite fermions in a given Λ level in a state of definite relative angular momentum m. For our finite systems, we define them as [32, 33] :
Here E m = 2Qν/N E m is the density corrected Coulomb energy [38] of the state with two composite fermions in relative angular momentum m. E m is defined as :
where |ψ
is the wave function of composite fermions in the relative angular momentum m state, and the term −N 2 /(2 √ Q) e 2 / is the contribution due to the presence of the positive background charge (note that the pseudopotentials are defined in such a way that the contribution of the background positive charge drops out). The relative angular momentum of two composite fermions residing in the ΛL indexed by n is given by
where L is their total orbital angular momentum. The two composite fermions are maximally separated in the state with relative angular momentum m max . The last two terms in Eq. 1 are an overall additive constant chosen so that the interaction pseudopotential at m max equals E disc mmax , given by [32, 33] :
which is the energy of two particles of charge 1/(2n + 1) in a relative angular momentum m max state, confined to the lowest LL in an effective magnetic field. (Another possibility would be to choose E disc mmax to be the corresponding value on the sphere, but since the spherical value is system size dependent, it is more convenient to choose the disc value. In any case, we will be considering sufficiently large systems that the difference between spherical and disc values for E disc mmax is negligible.) With the above definitions we have V CF(2) (m max ) = E disc mmax as should be the case for a large system.
Irreducible 3-body pseudopotentials
We are interested in calculating the "irreducible" 3-body CF pseudopotentials denoted by V
where m is the relative angular momentum of the three composite fermions [39] and α is used to index the different states with the same m. To obtain these we first calculate V CF (3) m,α , the energy of three composite fermions in the state with relative angular momentum m and index α, and subtract the contribution arising from purely 2-body interactions.
We calculate the V CF(3) m,α using the method of composite fermion diagonalization [1, 40] . We consider n filled ΛLs of composite fermions (indexed from 0 to n−1) and three composite fermions in the nth ΛL. The relative angular momentum of these three composite fermions is given by
where L is their total orbital angular momentum. We define the energy of a state as:
is the microscopic wave function in which three composite fermions are in the relative angular momentum (m, α) state. Note that the Coulomb interaction between electrons is purely 2-body; the multi-body interaction between composite fermions arises due to complex many body correlations.
also contains contribution from 2-body interaction, which must be subtracted. We calculate the purely 2-body contribution by taking three particles at the corresponding flux of 2(Q * +n) in the LLL and exactly diagonalizing the 2-body composite fermion pseudopotentials V CF(2) m . Using these pseudopotentials we define:
where |ψ 3,e,LLL m,α is the wave function in which three electrons are in the relative angular momentum (m, α) state in the lowest Landau level and P ij m2 projects particles i and j onto a state of relative angular momentum m 2 .
From the above mentioned quantities we define the 3-body irreducible composite fermion pseudopotentials as:
where in the term corresponding to m max is a constant that does not affect results in any way and E as before is the density corrected energy: E = 2Qν/N E. Using this definition we have V CF(3),irr (m max ) = 0 for a large angular momentum m max , which is reasonable since at large values of m there is no overlap between the three particles and the energy of such a state should just be given by the pair-wise Coulomb interaction of the three particles. For technical reasons, instead of setting V CF(3),irr (m max ) = 0, we choose to set V CF(3),irr (m = 10) = 0. (For larger m, the statistical error from Monte Carlo calculation is large, as the number of Slater determinants participating in the wave function increases with the relative angular momentum m.)
We have described the 2-and 3-body pseudopotentials for CF particles. It is straightforward to generalize it to CF holes and also to include the spin degree of freedom.
III. RESULTS
We first compare the 2-body pseudopotentials for CF particles and CF holes. In Appendix A we have tabulated the 2-body pseudopotentials of CF particles and CF holes residing in different ΛLs indexed by n. The 2-body pseudopotentials of fully polarized composite fermions have a maximum at relative angular momentum m = 2n + 1. Because the actual eigenstates are not affected by an overall additive term or by a scale factor, we compare the two pseudopotentials by plotting the quantity: Fig. 1 . These ratios for CF particles and CF holes are qualitatively very similar, and even quantitatively very close for low values of the ΛL index. Deviation between them grows with increasing ΛL index.
In Fig. 2 we show the irreducible part of the 3-body pseudopotentials for three CF particles residing in a given ΛL. Results for CF holes are similar. The smallest pseudopotential is attractive as can be anticipated from general screening arguments. Comparison with the 2-body pseudopotentials given in Table I shows that the irreducible 3-body pseudopotentials are an order of magnitude smaller than their 2-body counterparts for n = 1 ΛL, and thus are quantitatively negligible. As a result, we conclude that PH symmetry of composite fermions is an approximately valid symmetry in the n = 1 Λ level. With increasing ΛL index n, the 3-body and 2-body pseudopotentials become comparable in strength, but at the same time both grow weaker compared to the 2-body pseudopotentials in the n = 1 ΛL. The suppression of inter-CF interaction with increasing ΛL index is not surprising given that (i) the size of a CF quasiparticle or a CF quasihole grows with n, and (ii) the local charge decreases with n (given by 1/(2n+1) of an electron charge). This implies that the composite fermions become more weakly interacting as we go to higher n, i.e. closer to ν = 1/2. This is consistent with the observation [10] that more and more well defined bands appear in exact spectra as we go to states at n/(2n + 1) with higher n.
PH symmetry of composite fermions can be tested directly in exact computer experiments by comparing exact Coulomb spectra of interacting electrons for parameters related by PH symmetry of composite fermions. Fig. 3 shows several such spectra, with the spectra related by PH symmetry of composite fermions shown side by side on the same row. The following aspects are noteworthy: (i) There are clearly identifiable low energy bands in each spectrum. The low energy bands of the paired 
) is plotted because it is invariant under an overall additive constant and a change of the overall scale. spectra have a one to one correspondence, in that they have the same number of eigenstates at each L. (ii) The ground state occurs at the same L quantum number for the paired spectra. (iii) The splitting of other states is not identical in the paired spectra, implying that the PH symmetry of composite fermions is not exact. We have seen similar behavior for many other spectra of interacting electrons which are related by PH symmetry of composite fermions. These results agree with our above conclusion that the PH symmetry of composite fermions indeed is an emergent symmetry in FQH effect, although it is not an exact symmetry.
There is actually another way of defining PH symmetry for composite fermions. We construct states of noninteracting electrons at the effective flux 2Q * , which, for the paired systems on the same row of Fig. 3 , are related by PH symmetry. We next composite fermionize these states in the standard manner, and calculate their Coulomb energies [1, 2, 9, 41] . (If there is more than one basis function at a given L, then we diagonalize the Coulomb interaction within that subspace [40] .) The resulting spectra are shown by blue dots. The excellent agreement illustrates a "hidden" PH symmetry that is much more accurate than what is reflected in the energy spectra and even captures the details and differences in how the states of the lowest band split.
An interesting example of the breaking of the PH symmetry of composite fermions possibly occurs for the fully and partially spin polarized states at ν = 3/8, which map into ν * = 1 + 1/2 of fully and partially polarized composite fermions. It was proposed in Refs. [43] and [44] based on CF diagonalization studies that the 1/2 state is an anti-Pfaffian rather than Pfaffian. We have found that our 2-and 3-body interactions in the n = 1 ΛL and n = 0 ↓ ΛL determined above cannot discriminate between the Pfaffian and the anti-Pfaffian states within numerical uncertainty. This is not surprising given that even a 3-body interaction is not always very effective in breaking PH symmetry [45] and the competition between the Pfaffian and the anti-Pfaffian can be rather subtle [46] .
A remark regarding connection to experiments is in order. The structure of states in the filling factor range 1 < ν * < 2 has been investigated in Ref. [47] [48] [49] . They find evidence for FQHE at both 4/11 and 5/13, which are related by PH symmetry of composite fermions in the second ΛL, mapping into ν * = 1 + 1/3 and ν * = 2 − 1/3, respectively. Similarly, they find evidence for both 4/13 and 5/17 which are also related by PH symmetry of composite fermions. However, it is also clear that the PH symmetry is not exact: the 4/11 appears to be stronger than 5/13; and there is evidence for a weak 6/17 but none for 9/23.
IV. CONCLUSION
We have highlighted in this article an emergent symmetry that approximately relates states at ν = n+ν 2(n+ν)±1 and ν = n+1−ν 2(n+1−ν)±1 . This symmetry is not present in the original Hamiltonian and arises entirely due to the formation of composite fermions. It reflects a PH symmetry of composite fermions, which, in turn, follows from facts that for small n: (i) the 2-body interactions between the CF electrons and CF holes are approximately equivalent; and (ii) the 2-body interaction dominates 3-and higher body interactions.
We close the article by mentioning other examples of symmetries that owe their existence to the formation of composite fermions. Geraedts et al. [50] find that for spinful bosons in the LLL, the Jain states at ν and 2 − ν are related approximately by PH transformation, even though no such symmetry is present in the bosonic Hamiltonian. Another emergent symmetry implies a oneto-one correspondence between the physics at filling factors given by ν = ν * /(2pν * ± 1) for different values of p and different signs ±, which are all related through their mapping into filling factor ν * of composite fermions. This emergent symmetry manifests in experiments, for example, through appearance of FQH effect at the sequences ν = n/(4n ± 1) on either side of ν = 1/4 [51] .
In Tables I and II we show (color online) Coulomb spectra obtained in the spherical geometry using exact (dashes) and composite fermion (dots) diagonalization. N is the number of electrons, 2Q is the number of flux quanta (φ0 = hc/e) they are exposed to, and L is their total orbital angular momentum. The right panels are related to the left panels by PH symmetry of composite fermions. To identify the various bands, the ground state is shown in green, the band of first excited states in red and rest of the energies in blue. (a) The top panels show systems with (N, 2Q) = (7, 30) and (12, 40) . These correspond to CF systems with (N, 2Q * ) = (7, 18) and (12, 18) , which have, respectively, 7 and 12 electrons in the lowest ΛL and are thus related by PH symmetry of composite fermions in the lowest ΛL which has a degeneracy of 19. (b) The middle panels show systems with (N, 2Q) = (12, 28) and (11, 26) (reproduced from Mukherjee et al. [42] ). These correspond to CF systems with (N, 2Q * ) = (12, 6) and (11, 6) , which have, respectively, 5 and 4 electrons in the second ΛL and are thus related by PH symmetry of composite fermions in the second ΛL which has a degeneracy of 9. (c) Similarly, the two bottom panels correspond to CF systems (N, 2Q * ) = (14, 7) and (12, 7), with 6 and 4 composite fermions in the second ΛL, which has a degeneracy of 10 (reproduced from Mukherjee et al. [43] ). 
